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Abstract: Attempts to resolve the longstanding Fermion mass hierar-
chy (FMH) problem in frames of the AdS/CFT correspondence demand the
knowledge of bulk fermion masses. The approach of ”old” conformal boot-
strap in AdS context permitted to calculate bulk masses of scalar fields [1], [2].
In the present paper this approach is extended to physically more interesting
spin 1/2 bulk fields. The unexpectedly simple expressions for spinor-scalar
bubbles (2-point one-loop self-energy Witten diagrams) are obtained with
application of the ”double-trace from UV to IR flow” regularization used
earlier in calculations of the UV-finite bulk tadpoles. In case of four bound-
ary dimensions the nontrivial spectral equations for bulk fermion masses are
written down in the SU(N) Yukawa model of spinor fields interacting with
conformal invariant scalar field. Calculating the roots of these and similar
bootstrap equations is a task for future.
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1 Introduction. Physical motivation
To explain the fermion mass hierarchy (also called flavor hierarchy prob-
lem) remains a challenge to theoretical physics (see e.g. [3], [4] and references
therein). I can’t help quoting the very beginning of paper [4]: ”In a recent
interview published in CERN COURIER, Steven Weinberg was asked what
single open question he would like to see answered in his lifetime, and Wein-
berg replied that it is only the mystery of the observed pattern of quarks and
leptons masses [5]”.
In frames of the AdS/CFT approach and two-branes Randall-Sundrum
model [6] (Poincare coordinate ǫ < z < L where ǫ−1 ∼ MP l = 1019 GeV
- Planck scale and L−1 ∼ MEW = 102 GeV - electro-weak scale) spectra
of physical particles (glueballs, mesons, light and heavy fermions...) are
obtained as eigenvalues of equations for bulk fields, and it is possible in
principle to get the looked for fermion masses of intermediate scales with the
choice of dynamics in the bulk and of boundary conditions on both branes
[7] - [11]. It is evident that there is great arbitrariness in this approach.
Here we mention one of possibilities to overcome this arbitrariness. This is
rather natural ”twisted” b.c. for spin 1/2 fields that permit to get observable
fermion masses of any scale depending only on the bulk masses of Fermi fields
in higher dimensions [12], [13]. Spectral equation in this case looks as (see
formula (29) in [13]):
Jα−1(mnǫ)
Yα−1(mnǫ)
=
Jα(mnL)
Yα(mnL)
, (1)
where physical four-momentum p2n = −m2n, Jα, Yα are Bessel functions of the
first and second kind of order α = m/kAdS + 1/2 (m is bulk mass of fermion
field, kAdS is AdS space curvature), values of ǫ and L are given above. Surely
(1) has a tower of solutions beginning from the electro-weak scale L−1. But
it also has a special solution when both arguments of Bessel functions in (1)
are small:
p0 =
1
L
(
ǫ
L
)α−1 √
4α(α− 1). (2)
It is seen that for 1 < α < 2, that is for
1
2
<
m
kAdS
<
3
2
(3)
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p0 may have any value in interval from the electro-weak scale MEW to the
electron neutrino (or gravitino) mass scale of order M2EW/MP l. Thus well
grounded calculations of fermions bulk masses may open the way to solution
of the FMH problem. This was the main motivation of the present paper.
One of the candidates for the theory capable to fix masses of bulk fields
may be the ”old” conformal bootstrap in the AdS/CFT context [1], [2]. ”Old”
conformal bootstrap was proposed about 50 years ago in pioneer papers [14],
[15] and developed in [16] - [21] (see e.g. [22] and references therein) as a
non-Lagrangian tool of self-consistent calculations of conformal dimensions.
In the AdS/CFT context finding of conformal dimensions is equivalent
to finding of bulk masses. In [1] the values of bulk masses of scalar fields
that are the roots of corresponding bootstrap spectral equations were found
in certain models under the oversimplifying assumption of replacing of two
”intermediate” Green functions in self-energy Witten diagrams (bubbles) by
their harmonic counterparts. In [2] this assumption was abandoned, and UV
divergence of the bubble was renormalized in the ”double-trace from UV to
IR flow” way used earlier in calculations of the UV-finite tadpoles and bulk
vacuum quantum energies of scalar [23]-[28] and spinor [29]-[30] bulk fields.
The sensible, that is obeying unitarity bound demand, values of conformal
dimensions of scalar fields in O(N) symmetric model were obtained in [2] for
N = 1...4 in case of 4 boundary dimensions.
To extend the approach of [2] to physically more interesting spin 1/2 bulk
fields is the goal of the present paper.
Dirac field of spin 1/2 was studied sufficiently well from the AdS/CFT
perspective - see earlier papers [31] - [35], [29] where in particular spinor
bulk-to-bulk and bulk-to-boundary propagators on AdS were written down,
and recent works [36] - [39]. In [37], [38] spinor-spinor-scalar vertexes were
calculated in formalism of embedding space and also in [38] spectral repre-
sentation of the bulk spinor Green function is presented. Bulk fermion loop
of scalar field was first calculated in [39] also in the formalism of embedding
space, whereas one-loop self-energy of Fermi field on AdS was not calculated
earlier, as to our knowledge. Here we don’t use formalism of embedding space
and perform calculations in physical AdSd+1.
In Sec. 2 some well known expressions are presented including four bulk-
to-boundary propagators, spectral representation of Green function and split
representation of harmonic function for spin 1/2 bulk field. Also subsection
2.3 presents novel bulk and conformal integrals necessary for calculation of
spinor-scalar vertexes and bubbles; their derivation is given in Appendix.
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In Sec 3 calculation of spinor-spinor-scalar 3-point correlators (vertexes) is
performed. There are two types of such correlators: type (I) where two spinor
fields are of one and the same asymptotic at the AdS horizon (symbolically
those are correlators IR − IR − φ or UV − UV − φ, φ is scalar field), and
type (II) - 3-point correlators IR−UV − φ or UV − IR− φ. The first type
of these correlators is well known and was extensively used in calculations
of spinor-scalar Witten diagrams [34] - [39]. Whereas vertexes of the second
type were not written down so far, as to our knowledge.
In Sec. 4 the one-loop quantum contributions (bubbles) to the 2-point
boundary-to-boundary conformal correlators of scalar field (loop is formed by
two spinor bulk Green functions) and of spinor field (loop is formed by spinor
and scalar Green functions) are calculated. The double integral spectral rep-
resentations are given for both bubbles repeating the approach of [40] where
double integral spectral representations were put down for bubbles formed by
the fields of integer spin. The nominators of integrands in these representa-
tions are formed like ordinary bubbles but with replacement of intermediate
Green functions to the corresponding harmonic functions (proportional to
the difference of ”UV” and ”IR” Green functions). Calculations of harmonic
bubbles formed by two spinors ans by spinor and scalar are the main content
of Sec. 4. The reward for these rather lengthy calculations is the simplic-
ity of final formulas for both bubbles expressed through one and the same
universal function of conformal dimensions; more of that: for even number
d of boundary dimensions this universal function is just a combination of
elementary functions.
In Sec. 5 bubbles, that are UV divergent, are regularized with a tool used
earlier in calculations of the UV-finite Witten tadpoles [23] - [30]. The tool is
simple, it says that instead of ordinary Witten diagrams the difference of two
similar Witten diagrams built of ”UV” and ”IR” bulk Green functions must
be considered. A general concept is put forward for constructing Witten
diagrams using a quantum generation functional (68), which is the ratio of
two standard ”UV ” and ”IR” functionals. It is shown in the paper that
this procedure gives well defined UV-finite expressions for bubble diagrams
but whether it will work for triangle and other Witten diagrams is an open
question.
In Sec. 6 transparent formulas for two-spinors and spinor-scalar bubbles
are derived in the SU(N) model with Yukawa interaction of N spinor fields
with the conformal invariant scalar field, in case of 4 boundary dimensions.
In Sec. 7 results of Sec. 6 are used to write down the ”old” conformal
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bootstrap spectral equations for bulk fermion mass m in the SU(N) symmet-
ric option when masses of all N spinors are equal. The system of N spectral
equations that will permit to study the possibility of spontaneous breakdown
of SU(N) symmetry is also presented in Sec. 7.
Conclusion sums up three principle results of the paper and outlines the
possible directions of future work.
2 Preliminaries
2.1 Scalar field on AdS.
We work in Euclidean AdSd+1 in Poincare coordinates Z
µ = {z0, ~z} (µ =
0, 1, ...d), where AdS curvature kAdS is put equal to one:
ds2 =
dz20 + d~z
2
z20
, (4)
and consider bulk scalar and spinor fields.
Bulk scalar field φ(X) of massM is dual to boundary conformal operator
OIR∆φ(~x) or to its ”shadow” operator O
UV
d−∆φ
(~x) with scaling dimensions
∆IRφ ≡ ∆φ =
d
2
+ ν; ν =
√
d2
4
+M2; ∆UVφ = d−∆φ. (5)
We take normalization of the scalar field’s bulk-to-boundary propagator
and of the corresponding conformal correlator like in [40]:
K∆(Z, ~x) = lim
x0→0
[
GBB∆ (Z,X)
(x0)∆
]
= C∆ · Q∆(Z, ~x),
(6)
C∆ =
Γ(∆)
2πd/2Γ
(
1 + ∆− d
2
) , Q(Z, ~x) = z0
z20 + (~z − ~x)2
.
and:
< O∆(~x)O∆(~y) >= lim
x0→0
y0→0
[
GBB∆ (X, Y )
(x0 y0)∆
]
=
C∆
P∆xy
, Pxy = |~x− ~y|2 (7)
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Bulk-to-bulk IR (∆ = ∆IR > d/2, see (5)) scalar field Green func-
tionGIR∆ (X, Y ) possesses Kallen-Lehmann type spectral representation where
nominator of the integrand (harmonic function) admits split representation
[41] - [44], [40]:
GIR∆ (X, Y ) =
∫ +∞
−∞
Ωc,0(X, Y ) dc
[c2 + (∆− d
2
)2]
,
(8)
Ωc,0(X, Y ) =
c2
π
∫
K d
2
+ic(X,~xa)K d
2
−ic(Y, ~xa) d
d~xa ,
where
Ωc,0(X, Y ) =
ic
2π
G˜ d
2
+ic (9)
is scalar field harmonic function which is proportional to the difference (marked
here with tilde) of IR and UV bulk Green functions:
G˜∆(X, Y ) = G
IR
∆ −GUVd−∆ = (d− 2∆)
∫
K∆(X,~xa)Kd−∆(Y, ~xa) d
d~xa. (10)
2.2 Spinor field on AdS.
Bulk spinor field ψ(X) of mass m on AdSd+1 obeys Dirac equation [31] - [39]
(γµDµ −m)ψ(X) =
(
z0γ
0 ∂
∂z0
+ z0~γ
∂
∂~z
− d
2
γ0 −m
)
ψ(X) = 0, (11)
γµ = {γ0, ~γ} are standard anti-commuting gamma matrices in (d+1) dimen-
sional Euclidean space: γµγν + γνγµ = 2δµν . Bulk spinor field of mass m
is dual to boundary conformal operator OIR∆ψ(~x) or to its ”shadow” operator
OUVd−∆ψ(~x) with scaling dimensions
∆IRψ =
d
2
+m+
1
2
≡ ∆ψ + 1
2
; ∆UVψ =
d
2
−m+ 1
2
= d−∆ψ + 1
2
. (12)
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Corresponding conformal correlators are:
< O
IR
∆ψ
(~x)OIR∆ψ(~y) >= Cˆ∆ψ
~γ(~x− ~y) Π−
P
∆ψ+
1
2
xy
, Cˆ∆ψ =
Γ(∆ψ +
1
2
)
πd/2Γ
(
∆ψ +
1
2
− d
2
) ,
(13)
< O
UV
d−∆ψ
(~x)OUVd−∆ψ(~y) >= Cˆd−∆ψ
~γ(~x− ~y) Π+
P
d−∆ψ+
1
2
xy
,
where Π± are projective operators:
Π± =
1
2
(1± γ0), Π2+ = Π+, Π2− = Π−, Π+Π− = 0, Π+~γ = ~γΠ−. (14)
Bulk spinor Green functions SIR,UV (X, Y ) that possess IR or UV asymp-
totic at the horizon, x0, y0 → 0, and that are zero at the AdS infinity,
x0, y0 → ∞, are well known, see e.g. in [29], [34], [35]. Their properly
normalized limits at the horizon give four spinor bulk-to-boundary propaga-
tors ΣIR(UV ) and Σ
IR(UV )
, which permit to express bulk solutions of Dirac
equation (11) ψ(Z), ψ(Z) through the boundary fields [31] - [35]. Those
bulk-to-boundary propagators are the main tool in calculations of this pa-
per:
ΣIR∆ψ(Z, ~y) = limy0→0
SIR∆ψ(Z, Y )
y
∆ψ+
1
2
0
 = Cˆ∆ψ Q∆ψ+ 12 (Z, ~y) [z0 − ~γ(~z − ~y)]√z0 Π−;
(15)
Σ
IR
∆ψ
(Z, ~x) = lim
x0→0
SIR∆ψ(X,Z)
x
∆ψ+
1
2
0
 = Cˆ∆ψ Q∆ψ+ 12 (Z, ~x) Π+ [z0 + ~γ(~z − ~x)]√z0 ;
(16)
and in a similar way for ΣUV and Σ
UV
:
ΣUVd−∆ψ(Z, ~y) = Cˆd−∆ψ Q
d−∆ψ+
1
2 (Z, ~y)
[z0 + ~γ(~z − ~y)]√
z0
Π+; (17)
Σ
UV
d−∆ψ
(Z, ~x) = Cˆd−∆ψ Q
d−∆ψ+
1
2 (Z, ~x) Π−
[z0 − ~γ(~z − ~x)]√
z0
, (18)
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where Cˆ∆ψ and Q(Z, ~x) are defined correspondingly in (13) and (6).
Conformal spinor correlators (13) are obtained from (15)-(18) when bulk
coordinate is sent to horizon in these expressions.
Analogous to scalar case (8) spectral representation for SIR∆ψ(X, Y ) (∆ψ =
d/2 +m > d/2, see (12)) was given in [38]:
SIR∆ψ(X, Y ) =
∫ +∞
−∞
Ωc,1/2(X, Y ) dc
[c+ i (∆ψ − d2)]
,
(19)
Ωc,1/2(X, Y ) =
i
2π
S˜∆c(X, Y ), ∆c =
d
2
+ i c,
where spinor harmonic function Ωc,1/2(X, Y ) is proportional to the difference
(again marked by tilde) of IR and UV Green functions, that possesses nice
split representations through bulk-to-boundary propagators (15) - (18) inte-
grated over common boundary point [38] (cf. (9), (10) for the scalar field
case):
S˜∆ψ(X, Y ) = S
IR
∆ψ
(X, Y )− SUVd−∆ψ(X, Y ) =
(20)
=
∫
ΣIR∆ψ(X,~xa) Σ
UV
d−∆ψ
(Y, ~xa) d~xa =
∫
ΣUVd−∆ψ(X,~xa) Σ
IR
∆ψ
(Y, ~xa) d~xa.
2.3 Some integrals.
We shall need two following bulk integrals (α = 0 and α = 1):
D(α)γ1,γ2,γ3(~x1, ~x2, ~x3) =
∫
Qγ1(Z, ~x1)Q
γ2(Z, ~x2)Q
γ3(Z, ~x3)
dZ
zα0
, (21)
Q(Z, ~x) see in (6). D(0) is well known, it gives the 3-pt scalar fields vertex
[45], [41], [46]:
9
D(0)γ1,γ2,γ3(~x1, ~x2, ~x3) =
d(0)(γ1, γ2, γ3)
P δ1212 P
δ13
13 P
δ23
23
,
(22)
d(0)(γ1, γ2, γ3) =
πd/2
2
Γ
(
Σγi−d
2
)
Γ(δ12) Γ(δ13) Γ(δ23)
Γ(γ1) Γ(γ2) Γ(γ3)
where
δ12 =
γ1 + γ2 − γ3
2
; δ13 =
γ1 + γ3 − γ2
2
; δ23 =
γ2 + γ3 − γ1
2
. (23)
Whereas D(1) is derived in Appendix, it will be used in calculation of
spinor-spinor-scalar vertex of type II in subsection 3.2:
D(1)γ1,γ2,γ3(~x1, ~x2, ~x3) =
d(1)(γ1, γ2, γ3)
P δˆ1212 P
δˆ13
13 P
δˆ23
23
[
δˆ12 δˆ13
P12 P13
+
δˆ12 δˆ23
P12 P23
+
δˆ13 δˆ23
P13 P23
]
(24)
d(1)(γ1, γ2, γ3) =
πd/2
2
Γ
(
Σγi−d−1
2
)
Γ(δˆ12) Γ(δˆ13) Γ(δˆ23)
Γ(γ1) Γ(γ2) Γ(γ3)
δˆij = δij − 1
2
.
There are relations between coefficients d(0) and d(1) that permit signifi-
cantly simplify the calculations:
d(0)(γ1 − 1, γ2, γ3) = d(1)(γ1, γ2, γ3) (γ1 − 1) δˆ23, (25)
and the same for two other arguments.
Along with the well known conformal integrals [47], [16], [17]:
R
(0)
β1β2β3
(~x1, ~x2, ~x3) =
∫ dd~y
P β11y P
β2
2y P
β3
3y
Σβi=d=
A(β1, β2, β3)
P
d
2
−β3
12 P
d
2
−β2
13 P
d
2
−β1
23
, (26)
and
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∫
dd~y
P β11y P
β2
2y
=
A(β1, β2, d− β1 − β2)
P
β1+β2−
d
2
12
, (27)
where
A(β1, β2, β3) =
πd/2 Γ(d
2
− β1) Γ(d2 − β2) Γ(d2 − β3)
Γ(β1) Γ(β2) Γ(β3)
, (28)
the knowledge of two following integrals is necessary for calculation of spinor
one-loop self-energy in subsection 4.2:
R
(1)
β1β2β3
(~x1, ~x2, ~x3) =
∫
dd~y
P β11y P
β2
2y P
β3
3y
Σβi=d+1=
A(β1, β2, β3)
P
d
2
−β3
12 P
d
2
−β2
13 P
d
2
−β1
23
·
(29)
·

(
d
2
− β2
) (
d
2
− β3
)
P12 P13
+
(
d
2
− β1
) (
d
2
− β2
)
P13 P23
+
(
d
2
− β1
) (
d
2
− β3
)
P12 P23
 ,
and
∫
d~xa
~γ(~x2 − ~xa)
P β11a P
β2
2a
=
~γ(~x1 − ~x2)
P
β1+β2−
d
2
12
· 1
2
[A(β1 − 1, β2, d− β1 − β2 + 1)−
(30)
−A(β1, β2 − 1, d− β1 − β2 + 1)−A(β1, β2, d− β1 − β2)].
Derivation of (29) is given in Appendix. Whereas expression (30) it’s easy
to prove by multiplying it by ~γ(~x1 − ~x2) with account of (27) and identity:
~γ(~x1 − ~x2) · ~γ(~x2 − ~xa) = 1
2
[P1a − P2a − P12] + (~x1 − ~x2)α (~x2 − ~xa)β Sαβ ,
(31)
Sαβ =
γαγβ − γβγα
2
.
Because of the α↔ β asymmetry of the Sαβ term in (31) its contribution to
the RHS of (30) is zero.
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3 Spinor-spinor-scalar vertexes
3.1 Spinor-spinor-scalar vertex: type I.
3-point correlators of scalar field φ of conformal dimension ∆φ and of two
spinor fields ψ1, ψ2, generally speaking of different conformal dimensions
∆
IR(UV )
ψ1
, ∆
IR(UV )
ψ2
(see (12)) are generated by the bulk Yukawa interaction
Lint = g · ψ1(Z)ψ2(Z)φ(Z).
These 3-pt correlators are of two essentially different types, as regards
to spinor fields: (I) of coinciding - IR − IR, or UV − UV , and (II) of the
opposite - IR− UV or UV − IR asymptotics of spinor tails.
Vertex IR− IR of the first type
M3pt (I) IR−IR∆ψ1 ,∆ψ2 ,∆φ (~x1, ~x2, ~x3) =< O
IR
∆ψ1
(~x1)O
IR
∆ψ2
(~x2)O∆φ(~x3) >=
(32)
=
∫
AdS
dZ Σ
IR
∆ψ1
(Z, ~x1) Σ
IR
∆ψ2
(Z, ~x2)K∆φ(Z, ~x3)
is quite simple because its dependence on the bulk coordinates (z0, ~z) drops
out from the spinor nominator in (32). Really, according to (15), (16):
Σ
IR
∆ψ1
(Z, ~x1) Σ
IR
∆ψ2
(Z, ~x2) ∼
(33)
∼ Π+ [z0 + ~γ(~z − ~x1)]√
z0
· [z0 − ~γ(~z − ~x2)] Π−√
z0
= ~γ(~x2 − ~x1) Π−
(we remind that Π+Π− = 0, Π+ ~γΠ− = ~γ Π−). In the same way in the
UV − UV case:
Σ
UV
d−∆ψ1
(Z, ~x1) Σ
UV
d−∆ψ2
(Z, ~x2) ∼ ~γ(~x1 − ~x2) Π+. (34)
After substitution in (32) of three bulk-to-boundary propagators from
(15), (16), (6) with account of (33) it is obtained:
12
M3pt (I) IR−IR∆ψ1 ,∆ψ2 ,∆φ (~x1, ~x2, ~x3) =
(35)
=
(
2∏
i=1
Cˆ∆ψi
)
C∆φ D
(0)
∆ψ1+
1
2
,∆ψ2+
1
2
,∆φ
(~x1, ~x2, ~x3)~γ(~x2 − ~x1) Π− =
= B(I)(∆ψ1 ,∆ψ2,∆φ; 1/2) ·
~γ(~x2 − ~x1) Π−
P
δ
(I)
12
12 P
δ
(I)
13
13 P
δ
(I)
23
23
,
where (see (22) for D(0)):
B(I)(∆ψ1 ,∆ψ2 ,∆φ; 1/2) =
Cˆ∆ψ1
Γ(∆ψ1 +
1
2
)
Cˆ∆ψ2
Γ(∆ψ2 +
1
2
)
C∆φ
Γ(∆φ)
·
(36)
· π
d/2
2
Γ
(
∆ψ1 +∆ψ2 +∆φ + 1− d
2
)
Γ(δ
(I)
12 ) Γ(δ
(I)
13 ) Γ(δ
(I)
23 ),
δ
(I)
12 =
∆ψ1 +∆ψ2 + 1−∆φ
2
; δ
(I)
13 =
∆ψ1 −∆ψ2 +∆φ
2
; δ
(I)
23 =
∆ψ2 −∆ψ1 +∆φ
2
.
Similar to (36) formula is obtained for M3pt(I)UV−UVd−∆ψ1 ,d−∆ψ2 ,∆φ(~x1, ~x2, ~x3) with
account of (34) and with replacements ∆ψ1,2 → d − ∆ψ1,2 in (35), (36), and
~γ(~x2 − ~x1) Π− → ~γ(~x1 − ~x2) Π+ in spinor nominator in the RHS of (35).
Simple result (35) for IR− IR spinor-spinor-scalar vertex (of type I) was
obtained in [34] in physical AdSd+1 space and in [36] - [38] in formalism of
embedding space.
3.2 Spinor-spinor-scalar vertex: type II.
Let us consider IR− UV vertex
M3pt (II) IR−UV∆ψ1 ,d−∆ψ2 ,∆φ(~x1, ~x2, ~x3) =< O
IR
∆ψ1
(~x1)O
UV
d−∆ψ2
(~x2)O∆φ(~x3) >=
(37)
=
∫
AdS
dZ Σ
IR
∆ψ1
(Z, ~x1) Σ
UV
d−∆ψ2
(Z, ~x2)K∆φ(Z, ~x3).
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In this case spinor nominator in (37) differs from the one in (33) and
essentially depends on z0, ~z:
Σ
IR
∆ψ1
(Z, ~x1) Σ
UV
d−∆ψ2
(Z, ~x2) ∼ Π+ [z0 + ~γ(~z − ~x1)]√
z0
· [z0 + ~γ(~z − ~x2)]Π+√
z0
=
(38)
=
{
1
2
[
−P12
z0
+Q−1(Z, ~x1) +Q
−1(Z, ~x2)
]
+
(~z − ~x1)α (~z − ~x2)β Sαβ
z0
}
Π+,
(P12 ≡ Px1x2 , Q(Z, ~x) see in (6), (7) and Sαβ in (31)).
The same expression, with the only change of Π+ → Π− in the RHS of
(38), is valid for spinor nominator of Σ
UV
d−∆ψ1
(Z, ~x1) Σ
IR
∆ψ2
(Z, ~x2).
Substitution in (37) of the bulk-to-boundary propagators from (16), (17),
(6) with account of (38) gives for spinor-spinor-scalar vertex of type II:
M3pt (II) IR−UV∆ψ1 ,d−∆ψ2 ,∆φ(~x1, ~x2, ~x3) =
=
1
2
Cˆ∆ψ1 Cˆd−∆ψ2C∆φ
[
−P12D(1)∆ψ1+ 12 , d−∆ψ2+ 12 ,∆φ(~x1, ~x2, ~x3)+
+D
(0)
∆ψ1−
1
2
,d−∆ψ2+
1
2
,∆φ
(~x1, ~x2, ~x3) + D
(0)
∆ψ1+
1
2
,d−∆ψ2−
1
2
,∆φ
(~x1, ~x2, ~x3) +
(39)
+
πd/2
2
Γ
(
∆ψ1−∆ψ2+∆φ
2
)
Γ(δ
(II)
12 ) Γ(δ
(II)
13 ) Γ(δ
(II)
23 )
Γ(∆ψ1 +
1
2
) Γ(d−∆ψ2 + 12) Γ(∆φ)
· ~xα13 ~xβ23 Sαβ
 Π+,
~xα13 = (~x1 − ~x3)α, ~xβ23 = (~x2 − ~x3)β; δ(II)ij are defined in (42) below; derivation
of the Sαβ term in the last line of (39) is similar to derivation of (24), (29).
Then with account of expressions (22), (24) for D(0), D(1) and their rela-
tions (25) final rather simple formula forM3pt (II) IR−UV is obtained:
M3pt (II) IR−UV∆ψ1 ,d−∆ψ2 ,∆φ(~x1, ~x2, ~x3) = B
(II)(∆ψ1 , d−∆ψ2 ,∆φ; 1/2) ·
(40)
· −P12 + P13 + P23 + (~x1 − ~x3)
α (~x2 − ~x3)β Sαβ
P
δ
(II)
12
12 P
δ
(II)
13
13 P
δ
(II)
23
23
Π+,
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where
B(II)(∆ψ1 , d−∆ψ2 ,∆φ; 1/2) =
Cˆ∆ψ1
Γ(∆ψ1 +
1
2
)
Cˆd−∆ψ2
Γ(d−∆ψ2 + 12)
C∆φ
Γ(∆φ)
·
(41)
· π
d/2
4
Γ
(
∆ψ1 −∆ψ2 +∆φ
2
)
Γ(δ
(II)
12 ) Γ(δ
(II)
13 ) Γ(δ
(II)
23 ),
and
δ
(II)
12 =
∆ψ1 + d−∆ψ2 −∆φ
2
; δ
(II)
13 =
∆ψ1 +∆φ − (d−∆ψ2) + 1
2
;
(42)
δ
(II)
23 =
(d−∆ψ2) + ∆φ −∆ψ1 + 1
2
.
Like in the case of vertex of type I expression forM3pt(II)UV−IRd−∆ψ1 ,∆ψ2 ,∆φ(~x1, ~x2, ~x3)
is obtained from (40)-(42) with the simple replacements ∆ψ1 → d − ∆ψ1 ,
d−∆ψ2 → ∆ψ2 together with Π+ → Π− in the RHS of (40).
4 Spinor ”harmonic bubbles”
4.1 Scalar bubble formed by two spinors.
Fermionic bubble diagram of scalar field on AdS was first calculated in
[39] in formalism of embedding space. This one-loop contribution to the
two-point correlator of scalar field φ(Z) is generated by its bulk coupling
g φ(Z)ψ(Z)χ(Z) with two spinor fields; it is formed by the bulk-to-boundary
propagators of scalar field Kφ (6) and bulk Green functions of spinor fields
Sψ, Sχ (19):
M2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) = g
2
∫ ∫
K∆φ(X ; ~x1) Tr [S∆ψ(X, Y )S∆χ(Y,X)]K∆φ(Y ; ~x2)
(43)
(trace Tr is over spinor indices, bulk integrals over X , Y are supposed).
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Following approach of [40] where double integral spectral representations
of bubbles of fields of any integer spin were considered and referring to the
spectral representation (19) of spinor Green function the double integral spec-
tral representation of bubble (43) may be put down:
M2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) = − 1
4π2
∫ ∫ dc dcH2pt(0| 12 12 )
∆φ|
d
2
+ic, d
2
+ic
(~x1, ~x2)
[c+ i (∆ψ − d2)] [c+ i (∆χ − d2)]
, (44)
where, taking into account the proportionality of spinor harmonic function
Ωc, 1
2
entering spectral representation (19) to the difference of Green func-
tions S˜ (20), we introduced in nominator of integrand in (44) the ”harmonic
bubble” H that is built by the replacement in (43) of two bulk spinor Green
functions with the corresponding differences S˜ (20):
H2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) = g
2
∫ ∫
K∆φ(X,~x1) Tr[S˜∆ψ(X, Y ) S˜∆χ(Y,X)]K∆φ(Y, ~x2).
(45)
Surely, to use this expression in spectral representation (44) the replacements
∆ψ → d/2 + ic, ∆χ → d/2 + ic must be performed in it.
Substitution in (45) of split representations (20) of S˜∆ψ , S˜∆χ gives two
spinor-spinor-scalar vertexes of type I (35) with their convolution over two
boundary points ~xa, ~xb. Thus the RHS of (45) takes the form:
g2Tr
∫ ∫
d~xa d~xb
[∫
K∆φ(X,~x1) Σ
IR
∆χ(X,~xb) Σ
IR
∆ψ
(X,~xa) dX
]
·
·
[∫
Σ
UV
d−∆ψ
(Y, ~xa) Σ
UV
d−∆χ(Y, ~xb)K∆φ(Y, ~x2) dY
]
=
(46)
= g2Tr
∫ ∫
d~xa d~xbM3pt (I) IR−IR∆χ,∆ψ,∆φ (~xb, ~xa, ~x1)M
3pt (I)UV−UV
d−∆ψ,d−∆χ,∆φ
(~xa, ~xb, ~x2).
Using (35) forM3pt (I) IR−IR and similar expression forM3pt (I)UV−UV with
evident changes of arguments, taking into account:
Tr[~γ(~xa − ~xb) Π−~γ(~xa − ~xb) Π+] = Pab TrΠ+ = Pab
2
· dimγ
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(dimγ = Tr[1ˆ] is equal to d for d even and equal to (d − 1) for d odd), and
performing standard conformal integral (26) over ~xb it is obtained from (45):
H2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) =
g2 dimγ
2
1
P
∆φ−
d
2
12
∫
d~xa
P
d
2
1aP
d
2
2a
·
·B(I)(∆ψ,∆χ,∆φ; 1/2)B(I)(d−∆ψ, d−∆χ,∆φ; 1/2) ·
(47)
·A
(
∆ψ −∆χ +∆φ
2
,
∆χ −∆ψ +∆φ
2
, d−∆φ
)
,
A, B(I) see in (28), (36).
Typical for conformal theories divergent integral in (47) was analyzed in
[40]; here the dimensional regularization is chosen when in general formulas
(27), (28) it is taken
d→ d∗ = d+ ǫ, β1 = β2 = d
2
.
Leaving in integral in (47) only most divergent term ∼ ǫ−1 we absorb it
in the ”bare” coupling constant g and define renormalized coupling as:
g2R = g
2 P
d
2
12
∫
d~xa
P
d
2
1aP
d
2
2a
= g2
4π
d
2
Γ(d
2
)
1
ǫ
. (48)
Thus using (48) and deciphering A (28), B(I) (36) and Cˆ∆ψ,χ (13) that
enter expression for B(I) we get finally:
H2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) =
C∆φ
P
∆φ
12
g2R
dimγ
16πd
R(∆ψ,∆χ; ∆φ)
F (0)(∆φ)
, (49)
where
F (0)(∆φ) =
Γ(∆φ) Γ(d−∆φ)
Γ
(
∆φ − d2
)
Γ
(
d
2
−∆φ
) , (50)
and
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R(∆ψ,∆χ; ∆φ) =
Γ
(
∆ψ+∆χ+∆φ−d+1
2
)
Γ
(
2d−∆ψ−∆χ−∆φ+1
2
)
Γ
(
1
2
+∆ψ − d2
)
Γ
(
1
2
+ d
2
−∆ψ
) ·
·
Γ
(
∆ψ−∆χ+∆φ
2
)
Γ
(
∆χ−∆ψ+∆φ
2
)
Γ
(
∆ψ+∆χ−∆φ+1
2
)
Γ
(
1
2
+∆χ − d2
)
Γ
(
1
2
+ d
2
−∆χ
) ·
·
Γ
(
d+∆ψ−∆χ−∆φ
2
)
Γ
(
d+∆χ−∆ψ−∆φ
2
)
Γ
(
d−∆ψ−∆χ+∆φ+1
2
)
Γ
(
d
2
−∆φ
)
Γ
(
1 + ∆φ − d2
) , (51)
or through bulk masses of spinors mψ = ∆ψ−d/2, mχ = ∆χ−d/2 (see (12))
and Bessel functions’ order ν = ∆φ − d/2 (see (5)) for scalar field:
R(∆ψ,∆χ; ∆φ) =
Γ
(
d
4
+ α
)
Γ
(
d
4
− α
)
Γ
(
d
4
+ β
)
Γ
(
d
4
− β
)
Γ
(
1
2
+mψ
)
Γ
(
1
2
−mψ
) ·
(52)
·
Γ
(
1
2
+ d
4
+ γ
)
Γ
(
1
2
+ d
4
− γ
)
Γ
(
1
2
+ d
4
+ δ
)
Γ
(
1
2
+ d
4
− δ
)
Γ
(
1
2
+mχ
)
Γ
(
1
2
−mχ
)
Γ(−ν) Γ(1 + ν)
,
α =
mψ −mχ + ν
2
, β =
mχ −mψ + ν
2
,
γ =
mψ +mχ + ν
2
, δ =
mψ +mχ − ν
2
.
R is the main function in our analysis. It can be seen that for even d it is
expressed in terms of elementary trigonometric or hyperbolic (for imaginary
arguments, like in spectral representations (8), (19)) functions. For example
for d = 2:
R(∆ψ,∆χ; ∆φ) = −π γ δ cos πmψ cosπmχ sin πν
cosπα cosπβ sin πγ sin πδ
, (52a)
and for d = 4:
R(∆ψ,∆χ; ∆φ) = −
παβ
(
1
4
− γ2
) (
1
4
− δ2
)
cosπmψ cos πmχ sin πν
sin πα sin πβ cosπγ cosπδ
(52b)
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As it could be expected, dependence on coordinates of harmonic bubble
(49), and hence of full bubble (44), is the same like of the elementary scalar
conformal correlator (7), it is singled out in front of the RHS of (49).
4.2 Spinor bubble formed by spinor and scalar.
Generated by the same bulk Yukawa coupling like in previous subsection
one-loop 2-point contribution to the conformal correlator of spinor field ψ(Z)
when loop is formed by spinor field χ(Z) and scalar field φ(Z) has a form:
M2pt (
1
2
| 1
2
0)
∆ψ |∆χ,∆φ
(~x1, ~x2) = g
2
∫ ∫
Σ
IR
∆ψ
(X,~x1)S∆χ(X, Y )G∆φ(X, Y ) Σ
IR
∆ψ
(Y, ~x2),
(53)
where spinor bulk-to-boundary propagators ΣIR∆ψ and Σ
IR
∆ψ
are given in (15),
(16) and Green functions G∆φ, S∆χ - in (8), (19) (IR option is meant, that
is ∆φ > d/2 and ∆χ > d/2, see (5), (12)).
Following the logic of previous section, with account of spectral represen-
tations of scalar (8) and spinor (19) Green functions and proportionality of
corresponding harmonic functions to differences G˜ (10) and S˜ (20) of IR and
UV scalar and spinor Green functions, double integral spectral representation
of the one-loop spinor correlator (53) is obtained:
M2pt(
1
2
| 1
2
0)
∆ψ|∆χ∆φ
(~x1, ~x2) = − 1
4π2
∫ ∫ dc c dcH2pt( 12 | 12 0)
∆ψ |
d
2
+ic, d
2
+ic
(~x1, ~x2)
[c + i (∆χ − d2)] [c2 + (∆φ − d2)2]
, (54)
where harmonic bubble H2pt( 12 | 12 0) in nominator is again built by the replace-
ment in (53) of two bulk Green functions G, S with corresponding differences
G˜ (10), S˜ (20):
H2pt(
1
2
| 1
2
0)
∆ψ |∆χ∆φ
(~x1, ~x2) = g
2
∫ ∫
Σ
IR
∆ψ
(X,~x1) S˜∆χ(X, Y ) G˜∆φ(X, Y ) Σ
IR
∆ψ
(Y, ~x2)
(55)
To use it in spectral representation (54) the replacements ∆χ → d/2 + ic,
∆φ → d/2 + ic must be performed in (55).
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Substitution here of split representations of G˜ (10) and S˜ (20) gives for
the RHS of (55):
g2(d− 2∆φ)
∫ ∫
d~xa d~xb
[∫
Σ
IR
∆ψ
(X,~x1) Σ
UV
d−∆χ(X,~xa)K∆φ(X,~xb) dX
]
·
·
[∫
Σ
IR
∆χ(Y, ~xa) Σ
IR
∆ψ
(Y, ~x2)Kd−∆φ(Y, ~xb) dY
]
= g2(d− 2∆φ) ·
(56)
·
∫
d~xa
∫
d~xbM3pt (II) IR−UV∆ψ ,d−∆χ,∆φ (~x1, ~xa, ~xb)M
3pt (I) IR−IR
∆χ,∆ψ,d−∆φ
(~xa, ~x2, ~xb),
here last equality follows from expressions (32) and (37) forM3pt (I),M3pt (II).
After the evident changes of variables and arguments in final formulas (35)-
(36) and (40)-(42) for these vertexes, (56) comes to:
H2pt(
1
2
| 1
2
0)
∆ψ|∆χ∆φ
(~x1, ~x2) = B
(II)(∆ψ, d−∆χ,∆φ; 1/2)B(I)(∆χ,∆ψ, d−∆φ; 1/2) ·
(57)
· g2 (d− 2∆φ)
∫
d~xa Ib(~x1, ~x2, ~xa)
Π+ ~γ(~x2 − ~xa) Π−
P
δ
(II)
1a
1a P
δ
(I)
2a
2a
,
where B(I), B(II) see in (36), (41) and Ib(~x1, ~x2, ~xa) is integral over ~xb:
Ib(~x1, ~x2, ~xa) =
∫
d~xb
[
−P1a + P1b + Pab + (~x1 − ~xb)α (~xa − ~xb)β Sαβ
]
P
δ
(II)
1b
1b P
δ
(I)
2b
2b P
(δ
(II)
ab
+δ
(I)
ab
)
ab
=
=
A
(
δ
(II)
1b , δ
(I)
2b , (δ
(II)
ab + δ
(I)
ab )
) (
d
2
− δ(II)1b
) (
d
2
− (δ(II)ab + δ(I)ab )
)
P
∆ψ+
1
2
− d
2
12 P
∆φ+∆χ−∆ψ
2
1a P
2d−∆φ−∆ψ−∆χ+1
2
2a
·
(58)
·
[
−P1a + P12 + P2a − (~x1 − ~xa)α (~x2 − ~xa)β Sαβ
]
,
A, Sαβ are given in (28), (31). The values of six exponents δij in (57)-(58)
corresponding to exponents in (36) for vertex of type I, and to exponents in
(42) for vertex of type II are here as follows:
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δ
(I)
2a =
∆ψ +∆χ +∆φ + 1− d
2
; δ
(I)
2b =
∆ψ −∆χ −∆φ + d
2
;
(59)
δ
(I)
ab =
∆χ −∆ψ + d−∆φ
2
,
and
δ
(II)
1a =
∆ψ + d−∆χ −∆φ
2
; δ
(II)
1b =
∆ψ +∆φ − (d−∆χ) + 1
2
;
δ
(II)
ab =
(d−∆χ) + ∆φ −∆ψ + 1
2
. (60)
It is seen from (59), (60) that
δ
(II)
1b + δ
(I)
2b + δ
(II)
ab + δ
(I)
ab = d+ 1. (61)
In calculation of Ib (58) it was taken into account that conformal integrals
over ~xb corresponding to the second (P1b) and the third (Pab) terms in inte-
grand of (58) are the ordinary ones of type (26), whereas sum of exponents
of P in the first (P1a) term in the integrand in (58) is, according to (61),
equal to (d+ 1); this integral is less trivial - see (29). Integral over ~xb of the
last term in the RHS of (58) also comes to standard conformal integral (26)
with account of asymmetry of Sαβ and elementary identity
(~x1 − ~xb)α (~xa − ~xb)β Sαβ
P
(δ
(II)
ab
+δ
(I)
ab
)
ab
= − (~x1 − ~xa)
α Sαβ
2 (δ
(II)
ab + δ
(I)
ab − 1)
∂
∂xβa
 1
P
δ
(II)
ab
+δ
(I)
ab
−1
ab
 .
Substitution of Ib (58) in (57) with account of (59)-(61) and (28) gives:
H2pt(
1
2
| 1
2
0)
∆ψ |∆χ∆φ
(~x1, ~x2) =
= g2 (d− 2∆φ)B(I)(∆ψ,∆χ, d−∆φ)B(II)(∆ψ, d−∆χ,∆φ) A˜(∆ψ,∆χ,∆φ)
P
∆ψ+
1
2
− d
2
12
·
(62)
·
∫
d~xa
[P2a + P12 − P1a − (~x1 − ~xa)α (~x2 − ~xa)β Sαβ ]~γ(~x2 − ~xa) Π−
P
d
2
1a P
d
2
+1
2a
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where
A˜(∆ψ,∆χ,∆φ) =
π
d
2 Γ
(
2d−∆ψ−∆χ−∆φ+1
2
)
Γ
(
∆χ−∆ψ+∆φ
2
)
Γ
(
∆ψ +
1
2
− d
2
)
Γ
(
∆ψ+∆χ+∆φ−d+1
2
)
Γ
(
∆ψ−∆χ+d−∆φ
2
)
Γ
(
d−∆ψ + 12
) .
(63)
To take divergent conformal integrals over ~xa in (62) general formula
(30) is applied where according to dimensional regularization we change in
the RHS d → d∗ = d + ǫ and put β1, β2 equal to corresponding values in
every integral in (62) (cf. in [40]). This gives for the last line in (62):
∫
d~xa{...} = ~γ(~x1 − ~x2) Π−
P
d
2
12
2πd/2
Γ(d
2
)
1
ǫ
(
1 +
3
d
)
(64)
Final expression for spinor one-loop ”harmonic bubble” (55) is obtained
from (62)-(64) and expressions (36), (41) for coefficients B
(I), B
(II) with in-
troduction of the renormalized coupling constant (47) and with account that
in general formulas (36) and (41) the corresponding replacements of δij must
be performed. Namely: δ
(I)
12 δ
(I)
13 δ
(I)
23 (in (36)) must be changed to δ
(I)
2a , δ
(I)
ab , δ
(I)
2b
given in (59); and in the same way δ
(II)
12 , δ
(II)
13 , δ
(II)
23 (42) must be changed to
δ
(II)
1a , δ
(II)
1b , δ
(II)
ab (60). The result proves to be quite simple:
H2pt(
1
2
| 1
2
0)
∆ψ|∆χ∆φ
(~x1, ~x2) = Cˆ∆ψ
~γ(~x1 − ~x2) Π−
P
∆ψ+
1
2
12
g2R
(
1 + 3
d
)
32πd
R(∆ψ,∆χ; ∆φ)
F (
1
2
)(∆ψ)
, (65)
where
F (
1
2
)(∆ψ) =
Γ
(
∆ψ +
1
2
)
Γ
(
d−∆ψ + 12
)
Γ
(
∆ψ +
1
2
− d
2
)
Γ
(
d
2
−∆ψ + 12
) , (66)
and R(∆ψ,∆χ; ∆φ) see in (51) or (52); it is common for both harmonic
bubbles H (49), (65) calculated in subsections 4.1, 4.2. Space-time and
spinor dependence in front of the RHS of (65) (and hence of full bubble (54))
copies the same of primary correlator (13).
As it was noted above harmonic bubbles (49), (65) may be used as nom-
inators of the integrands in spectral representations (44) and (54) after the
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corresponding replacements in universal function R (51) of conformal dimen-
sions of intermediate fields by the integration variables d/2+ ic, d/2 + ic. It
is seen from expression for R (51)-(52) that double integrals (44), (54) are
divergent in directions c+ c = const and c− c = const [40].
In the next section the natural regularization of bubbles (43), (53) will
be performed.
5 The ”double-trace” regularization
The UV divergence of the self-energy diagrams reflected in particular in
infinity of spectral integrals (44), (54) is a conventional difficulty in QFT.
Here to overcome this difficulty we propose to apply to the bubble diagrams
the double-trace from UV to IR flow approach used in [23] - [30] for the un-
ambiguous UV finite calculations of tadpoles and quantum vacuum energies
of scalar and spinor bulk fields in spaces of arbitrary dimensions. This ”flow”
is just a difference of two similar Witten diagrams built of the UV or IR bulk
Green functions, and it proves to be finite and well defined in calculations of
tadpoles and also of bubbles - as it will be shown below.
Most generally this approach means that instead of standard quantum
generation functional (symbolically, G, Lint, j are the free field Green func-
tion, the interaction Lagrangian and the field’s source correspondingly; in
generation functional of the n-point boundary conformal correlators it is
taken j(~x) equipped with the corresponding bulk-to-boundary propagator)
Z[j;G] = (DetG)−1/2 eLint(
δ
δj ) e(
1
2
jGj) (67)
the ratio
Z˜[j;GUV , GIR] =
Z[j;GUV ]
Z[j;GIR]
=
(DetGUV )−1/2 eLint(i
δ
δj ) e(
1
2
jGUV j)
(DetGIR)−1/2 eLint(i
δ
δj ) e(
1
2
jGIRj)
(68)
of two quantum functionals determined by Green functions (GUV and GIR)
possessing two different asymptotics at the horizon must be considered as
quantum generation functional for Witten diagrams. This means in par-
ticular that self-energy correlators (43) and (53) are defined as a difference
M˜ (also marked with tilde) of conventional bubble diagrams built of the
products of two GUV and two GIR Green functions correspondingly:
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M˜2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) =M2pt(0|
1
2
1
2
)UV
∆φ|∆ψ∆χ
(~x1, ~x2)−M2pt(0|
1
2
1
2
) IR
∆φ|∆ψ∆χ
(~x1, ~x2) =
(69)
= g2
∫ ∫
K∆φ(X ; ~x1) Π˜
2pt(0| 1
2
1
2
)
∆ψ ,∆χ
(X, Y )K∆φ(Y ; ~x2) dXdY,
M˜2pt (
1
2
| 1
2
0)
∆ψ|∆χ,∆φ
(~x1, ~x2) =M2pt (
1
2
| 1
2
0)UV
∆ψ |∆χ,∆φ
(~x1, ~x2)−M2pt (
1
2
| 1
2
0) IR
∆ψ|∆χ,∆φ
(~x1, ~x2) =
(70)
= g2
∫ ∫
Σ
IR
∆ψ
(X,~x1) Π˜
2pt( 1
2
| 1
2
0)
∆χ,∆φ
(X, Y ) ΣIR∆ψ(Y, ~x2) dXdY,
where
Π˜
2pt(0| 1
2
1
2
)
∆ψ,∆χ
(X, Y ) = {Tr [SUV∆ψ SUV∆χ ]− Tr [SIR∆ψ SIR∆χ]}(X, Y ) =
(71)
= {Tr [S˜∆ψ S˜∆χ]− Tr [SIR∆ψ S˜∆χ]− Tr [S˜∆ψ SIR∆χ]}(X, Y ),
Π˜
2pt( 1
2
| 1
2
0)
∆χ,∆φ
(X, Y ) = {SUV∆χ GUV∆φ − SIR∆χ GIR∆φ}(X, Y ) =
(72)
= {S˜∆χ G˜∆φ − SIR∆χ G˜∆φ − S˜∆χ GIR∆φ}(X, Y )
In derivation of (71), (72) identities GUV = GIR − G˜ and SUV = SIR − S˜
were used (G˜ and S˜ see in (10), (20)).
Then the divergent double integrals (43), (53) are canceled in (69), (70)
and the remaining terms are UV-finite. With account of spectral and split
representations of GIR, G˜ ((8) - (10)) and of SIR, S˜ ((19)-(20)) it is seen that
contribution of every of three terms of both Π˜ (71), (72) to the expressions
of the one-loop self-energy correlators (69), (70) includes corresponding har-
monic bubbles (49) and (65). Thus finally for UV-finite bubbles (69), (70)
renormalized according to prescription (68) it is obtained:
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M˜2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2) =
C∆φ
P
∆φ
12
g2R dimγ
16πd F (0)(∆φ)
[
R(∆ψ,∆χ; ∆φ)−
(73)
−
∫ +∞
−∞
i dc
2π
R(d
2
+ ic,∆χ; ∆φ)
[c+ i(∆ψ − d2)]
−
∫ +∞
−∞
i dc
2π
R(∆ψ,
d
2
+ ic; ∆φ)
[c+ i(∆χ − d2)]
]
.
and
M˜2pt (
1
2
| 1
2
0)
∆ψ|∆χ,∆φ
(~x1, ~x2) =
=
Cˆ∆ψ ~γ(~x1 − ~x2) Π−
P
∆ψ+
1
2
12
g2R
(
1 + 3
d
)
32πd F (
1
2
)(∆ψ)
[
R(∆ψ,∆χ; ∆φ)−
(74)
−
∫ +∞
−∞
i dc
2π
R(∆ψ,
d
2
+ ic; ∆φ)
[c+ i(∆χ − d2)]
−
∫ +∞
−∞
i c dc
2π
R(∆ψ,∆χ;
d
2
+ ic)
[c2 + (∆φ − d2)2]
]
,
R, F (0), F (
1
2
) are given in (51)-(52), (50), (66).
As noted above, function R for even d may be expressed in terms of
elementary functions. In the next section bubbles (73), (74) will be written
explicitly in the d = 4 Yukawa model.
6 UV-finite bubbles in SU(N) Yukawa model
with conformal scalar field in d = 4
Consider bulk Yukawa interaction of N copies of spin 1/2 fields ψ(Z) of
mass m with the conformal invariant scalar field φ(Z) on AdS5:
Lint = g φ(Z) Σkψk(Z)ψk(Z). (75)
Conformal invariance of φ(Z) on AdSd+1 means that equation for scalar
field includes curvature term ξcφ
2Rd+1 with coefficient ξc = (d − 1)/4d, and
that in this case order parameter ν = ∆φ − d/2 = 1/2 in any dimension.
Thus in this model mψ = mχ = m, ν = 1/2 and it follows for the universal
function R (52) in case d = 4:
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R
(
2 +m, 2 +m; 2 +
1
2
)
=
π
4
cos2 πm
cos 2πm
(
m2 − 1
16
) (
m2 − 9
16
)
≡ R˜(m).
(76)
Correspondingly for R that enter the spectral integrals in the final ex-
pressions for bubbles (73), (74) it is obtained from (52):
R(d=4)
(
2 + ic, 2 +m; 2 +
1
2
)
= R(d=4)
(
2 +m, 2 + ic; 2 +
1
2
)
=
(77)
= −π
8
cosπm cosh πc
cosh 2πc+ cos 2πm
[(
m− 1
2
)2
+ c2
] [(
m+
1
2
)2
+ c2
]
·
·
(
9
4
−m2 + c2 − 2imc
)
,
R(d=4)(2 +m, 2 +m; 2 + ic) = − iπ c
2 sinh πc cos2 πm
(cosh πc− 1)(cosh πc+ cos 2πm) ·
(78)
·
[(
m− 1
2
)2
+
c2
4
] [(
m+
1
2
)2
+
c2
4
]
.
Despite the complex nature of (77), (78) and of the integrands in spectral
integrals in (73), (74), replacing there integration over c from −∞ to +∞
with integration from 0 to +∞ will obviously give real RHS of (73), (74).
Having in mind that in the Yukawa model under consideration (d = 4,
∆ψ = ∆χ = 2+m, ∆φ = 2+1/2) we have dimγ = 4 and (see (50) and (66)):
F (0)(∆φ = 5/2) = − 3
16
; F (
1
2
)(∆ψ = m+ 2) =
(
m2 − 1
4
) (
m2 − 9
4
)
,
substitution of (76)-(78) in (73), (74) gives final expressions for these one-loop
conformal correlators (2-spinors and spinor-scalar bubbles):
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M˜2pt(0|
1
2
1
2
) (d=4)
∆φ=5/2|2+m,2+m
(~x1, ~x2) =
C5/2
P
5/2
12
g2RN Φ
(φ)(m),
(79)
Φ(φ)(m) =
4
3π4
[
−R˜(m)− 1
4
m cosπmI(1)(m)
]
(there is multiplier N in the RHS because in (75) scalar field φ(Z) interacts
with every of spinor fields ψk(Z)), and
M˜2pt(
1
2
| 1
2
0) (d=4)
2+m|2+m,5/2 (~x1, ~x2) =
Cˆ2+m ~γ(~x1 − ~x2) Π−
P
2+m+ 1
2
12
g2RΦ
(ψ)(m),
(80)
Φ(ψ)(m) =
(
1 + 3
4
)
32π4
[
R˜(m) + 1
8
m cosπmI(1)(m)− cos2 πmI(2)(m)
]
(
m2 − 1
4
) (
m2 − 9
4
) ,
where R˜(m) see in (76), and
I(1)(m) =
(81)
=
∫ +∞
0
dc cosh πc
(
9
4
−m2 + 3c2
) [(
m− 1
2
)2
+ c2
] [(
m+ 1
2
)2
+ c2
]
(c2 +m2) (cosh 2πc+ cos 2πm)
,
I(2)(m) =
∫ +∞
0
dc c3 sinh πc
[(
m− 1
2
)2
+ c
2
4
] [(
m+ 1
2
)2
+ c
2
4
]
(c2 + 1
4
) (coshπc− 1) (cosh πc+ cos 2πm) (82)
are well defined convergent definite integrals.
Surely transparent expressions similar to (76) - (82), although somewhat
more lengthy, may be put down for the model (75) in case d = 4 when
conformal dimension of scalar field ∆φ = 2 + ν is arbitrary.
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7 Spectral equations for bulk spinor mass in
Yukawa model of Sec. 6
Expressions for UV finite one-loop spinor-scalar contributions (bubbles)
to scalar (73) (or (79) in Yukawa model (75)) and spinor (74) ((80) in par-
ticular) boundary-boundary conformal correlators may be used in different
ways:
- for calculation of anomalous dimensions generated by the scalar-spinor
bulk loops like it was done in [40] for bubbles built of the fields of integer spin
with use of logarithmic terms in the dimensional regularization of conformal
divergent integral like e.g. in (47);
- for presenting decomposition of the bubbles built of spinors in an infinite
series of residues in poles of integrands in spectral integrals in (73), (74),
location and resifues of these poles are evident from expressions (51)-(52)
(or (77)-(78) in model (75)) for coefficient R determining harmonic bubbles
(49), (65); detailed analysis of poles of harmonic bubbles formed by the fields
of integer spin was presented in [40], etc.
Here we pay attention that expressions obtained above permit to for-
mulate spectral equations for the bulk masses of spinors in frames of the
”old” conformal bootstrap in the AdS/CFT context [1], [2]. The simplest
”old” conformal bootstrap equation for Green function G(X, Y ) traditionally
written in planar approximation looks as [14] - [22]:
G(X1, X2) = g
2
∫ ∫
G(X1, X)G(X, Y )G(X, Y )G(Y,X2) dX dY (83)
(triple interaction is supposed, g is the coupling constant). Equating of exact
Green functions to the one-loop quantum contribution built of the same exact
Green functions is the main postulate of the ”old” conformal bootstrap.
In the AdS/CFT context it is assumed in [1], [2] that X1,2, X , Y in (83)
are the bulk coordinates in AdSd+1 and X1,2 are sent to the horizon. Then
LHS of (83) becomes conformal correlator of the boundary conformal theory
((7) for scalar and (13) for spinor), whereas G(X1, X), G(Y,X2) in the RHS
become the corresponding bulk-to-boundary propagators. Thus RHS of (83)
becomes the quantum one-loop correlator and being written down for scalar
and for spinor bootstrap Eq. (83) come to:
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C∆φ
P
∆φ
12
= M˜2pt(0|
1
2
1
2
)
∆φ|∆ψ∆χ
(~x1, ~x2);
(84)
Cˆ∆ψ ~γ(~x1 − ~x2) Π−
P
∆ψ+
1
2
12
= M˜2pt (
1
2
| 1
2
0)
∆ψ |∆χ,∆φ
(~x1, ~x2).
We took here in the RHS the UV regularized forms (69), (70) of spinor and
scalar correlators which final expressions are given by (73), (74).
Reducing the similar space-time and spinor dependence of the LHS and
RHS of Eq-s (84) the following ”old” bootstrap equations are obtained from
(84) for the particular case of model (75) when one-loop correlators are given
by (79), (80):
1 = g2RN Φ
(φ)(m), (85)
1 = g2RΦ
(ψ)(m). (86)
After elimination here of g2R the interesting spectral equation for spinor
bulk mass m is obtained:
N Φ(φ)(m) = Φ(ψ)(m). (87)
In [2] similar spectral equation for conformal dimensions inO(N) symmet-
ric model ofN scalar fields interacting with the conformal invariant Hubbard-
Stratonovich field was derived, and its roots obeying unitarity bound demand
were found: three roots for every N = 1, 2, 3, 4. The calculation of the roots
of equation (87) we leave for future work - in hope that among these roots
there will be values belonging to physically important interval (3).
Another interesting option would be to consider spontaneous breakdown
of SU(N) symmetry in model (75). This means that every spinor field ψk(Z)
is supposed to have its own bulk mass mk and in expression (79) for the 2-
spinor bubble of scalar field φ(Z) the multiplication by N should be replaced
by the sum over k: N Φ(φ)(m)→ ΣkΦ(φ)(mk), whereas expression (80) should
be valid for every mk. Then spectral Eq. (87) takes a form of system of N
equations (k = 1, 2...N) for N unknowns mk (Φ
(φ,ψ)(m) see in (79), (80)):
ΣiΦ
(φ)(mi) = Φ
(ψ)(mk) (88)
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Again the physically intriguing goal is the search for roots m1...mN of
system (88) that belong to interval (3) with a hope to get, from Eq. (2) for
example, the observed masses of spin 1/2 flavors.
Surely assumption of conformal invariance of scalar field in Yukawa model
(75) is just a demonstrative one. It is not difficult to put down the system of
spectral equations similar to (88) for arbitrary conformal dimension of scalar
field ∆φ and with use of computer calculus to get the dependence of rootsmk
on ∆φ. Again with a hope that for some ∆φ and N the physically interesting
combinations of N roots m1...mN will be obtained.
8 Conclusion
The results of this paper are three-fold, where in every direction there
is possible further development.
First. The transparent expressions are obtained in physical AdSd+1 space
for spinor-scalar vertexes and for 2-point one-loop quantum conformal cor-
relators (bubbles) formed with participation of spin 1/2 bulk fields. If the
two-spinors bubble of scalar field was earlier calculated in the formalism of
embedding space [39], the result for the loop formed by spinor and scalar
is not met in literature, as to our knowledge. The fantastic simplicity of
this result obtained through lengthy calculations gives rise to the hunch that
perhaps there is a simpler way to achieve it. The option of Yukawa bulk
interaction φ(Z)ψ(Z)ψ(Z) was considered above, and immediate generaliza-
tion of approach of the paper may be the calculation of vertexes and bubbles
in the cases of pseudoscalar π(Z)ψ(Z)γ5ψ(Z) or vector Vµ(Z)ψ(Z)γ
µψ(Z)
interactions, the bulk QED as a special option.
Second. The novel tool of regularization of UV divergence of bubble
Witten diagrams is proposed that actually repeats the approach used earlier
in [23]-[30] in calculations of Witten tadpoles. It would be interesting to
check up if the difference of UV and IR Witten triangle and other diagrams
proves to be UV-finite like it happened in Sec. 5 for bubble diagrams.
Third. The expressions for UV-finite spinor-scalar bubbles received in
the paper permit to apply them in the ”old” conformal bootstrap equations
aimed at calculation of spectra of bulk spinor masses. The task for future
may be the calculation of roots of spectral Eq. (87) or of system of Eq-s
(88) and of similar equations received in models with pseudoscalar or vector
interactions of spin 1/2 fields. As it was outlined in the Introduction the
30
knowledge of bulk spinor masses may be a way to solution of the longstanding
FMH (Fermion Mass Hierarchy, or Flavors Mass Hierarchy) problem.
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9 Appendix
9.1 Derivation of D(1) (24)
Calculation of bulk integral D(α)γ1γ2γ3(~x1, ~x2, ~x3) (21) is performed in an
ordinary way with introduction of Schwinger parameters - see for example
Section 3.1 and Appendix A in [46]. The representation of D(α) as integral
over Schwinger parameters differes from the well known one for D(0) only
in the argument of the first Gamma-function and in the additional factor
(Σiti)
α in the integrand (i = 1, 2, 3):
D(α)γ1γ2γ3(~x1, ~x2, ~x3) = π
d
2
Γ
(
Σiγi−d−α
−1
2
)
Γ(γ1) Γ(γ2) Γ(γ3)
∫
Πi
(
dti
ti
tγii
)
(Σiti)
α e−Q
2
, (89)
where
Q2 = t1t2P12 + t1t3P13 + t2t3P23
(Pij see in (6)).
Thus in case α = 1 the standard change in (89) of the integration variables
t1 =
√
m2m3
m1
t2 =
√
m1m3
m2
t3 =
√
m1m2
m3
and simple algebra immediately give for D(1) expression (24).
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9.2 Derivation of R(1) (29)
Derivation of R
(1)
β1β2β3
(~x1, ~x2, ~x3) is again performed in an ordinary way
with introduction of Schwinger parameters, that gives:
R
(1)
β1β2β3
(~x1, ~x2, ~x3) = 2 π
d
2
∫
Πi
(
dti
ti
tβii
Γ(βi)
)
(Σiti)
Σiβi−d e−Q
2
, (90)
Q2 see above. For Σiβi = d + 1 integral in (90) coincides with the integral
in (89) at α = 1 and (29) follows from (90) in the same way like (24) was
obtained from (89).
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